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OPTIMALITY OF VWAP EXECUTION STRATEGIES
UNDER GENERAL SHAPED MARKET IMPACT
FUNCTIONS
TAKASHI KATO
Abstract. In this short note, we study an optimization prob-
lem of expected implementation shortfall (IS) cost under general
shaped market impact functions. In particular, we find that an
optimal strategy is a VWAP (volume weighted average price) ex-
ecution strategy when the market model is a Black-Scholes type
with stochastic clock and market trading volume is large.
Let (Ω,F , (Ft)t≥0,P) be a stochastic basis. We consider
(1) J(x) = sup
(ζt)0≤t≤T
E
[ ∫ T
0
ζtStdt
]
subject to
dSt = St(µdVt + σdB˜Vt − g(ζt/vt)dVt),
where x ≥ 0, µ < 0, σ ≥ 0, g : [0,∞) → [0,∞), Vt =
∫ t
0
vrdr,
(vt)t is an (Ft)t-adapted continuous positive process with E[VT ] < ∞,
(B˜t˜)t˜≥0 is an (F˜t˜)t˜≥0-Brownian motion, and F˜t˜ = FV −1
t˜
, (ζt)t is an (Ft)t-
progressively measurable non-negative process satisfying
∫ T
0
ζtdt ≤ x a.s..
Here, St (resp., ζt ) denotes a security price (resp., a trader’s selling
speed of the security) at time t. g is regarded as a market impact
function.
Note that (1) is equivalent with minimizing expected IS cost problem
(xS0 − J(x)).
When vt ≡ 1 and g is quadratic, (1) is studied in Section 5.2 of
[Kato14], and we see that an optimal strategy is a TWAP (time weighted
average price) execution, that is, selling by constant speed, when x is
not so large.
This note presents a generalization of the above result. We assume
the following conditions for g.
(A1) g ∈ C1((0,∞)) ∩ C([0,∞)),
(A2) g(0) = 0,
(A3) h := g′ ≥ 0. Moreover, there is a ζ0 ≥ 0 such that h is non-
increasing on (0, ζ0], and strictly increasing on [ζ0,∞),
(A4) limζ→∞ h(ζ) =∞.
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Note that when ζ0 = 0, g is strictly convex on [0,∞).
Then, we have:
Theorem 1. Let ν ≥ ζ0 be a unique solution to νh(ν)− g(ν) = −µ. If
x ≤ νVT a.s., it holds that J(x) =
S0
h(ν)
(1− e−h(ν)x). The corresponding
optimal execution strategy is given as ζˆt = νvt1{vt≤x/ν}.
Next we treat more realistic situation where the trader’s execution
itself increases the market trading volume, that is,
(2) Jˆ(x) = sup
(ζt)0≤t≤T
E
[ ∫ T
0
ζtSˆtdt
]
subject to
dSˆt = Sˆt
(
µdVˆt + σdB˜Vˆt − gˆ(ζt/vˆt)dVˆt
)
, vˆt = vt + ζt,
Vˆt =
∫ t
0
vˆrdr,
∫ t
0
ζtdt ≤ x a.s..
Here, gˆ : [0, 1) → [0,∞) satisfies (A1) - (A3) replacing ∞ with 1 and
the condition hˆ(1−) =∞, where hˆ = gˆ′.
Theorem 2. Let νˆ ∈ [ζ0, 1) be a unique solution to νˆhˆ(νˆ) − gˆ(νˆ) =
−µ, and set ν = νˆ/(1 − νˆ). If x ≤ νVT a.s., it holds that Jˆ(x) =
Sˆ0
hˆ(νˆ)
(1− e−hˆ(νˆ)x). The corresponding optimal execution strategy is given
as ζˆt = νvt1{vt≤x/ν}.
Proofs of Theorem 1 and 2 are not difficult. We can show them by
standard verification arguments. In any case, the optimality of VWAP
execution strategies is guaranteed under general g (, gˆ) whenever x is
not so large (in other words, ess inf VT is not so small).
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